
(matching) t e r m s  common to bo th .  In view of the def i ni t ion of ~,
‘I’

, t h e s e

composite solutions a re  thus , to f i r s t  order ,

u = 1 + E (f 1 ’ y j  h 1,~ ~~~ 4 . . . ( 3 3 a )

v = € f~’ + ~~ ~~ 1) 1/2 ~~* 4 . . . (331 ) )

where  h1~ 
is given by equation ( 1 3 b )  wi th  the plus s ign , and r,’~ = 0 u p s t r e a m

of the shock , x < x 5 . Also , for x < x~~, i f  the flow accelerates from sub-

sonic to supersonic  flow (with the  son ic  l ine pass ing  th roug h (0 , 0 ) ) ,  t hen

the uppe r s ign is taken  in equat ion ( 3 3 a ) ;  if the  flow is s up er s o n i c  c lece le  r a t i n g

flow for  x < 0 and a c c e l e r a t e s  fo r  x 0 w i t h  pos s ib l y a subsoni c pocket  in the

reg ion about x = 0 , then the lower  si gn is t a k e n  for  x < 0 and the  upper  f o r

x > 0 . For x > x 5 , only the lowe r si gn in equat ion ( 3 3 a )  is t a k e n .  It shou ld

be noted that  fo r  x * O( e q u a t i o n s  13 )  r educe  to the  i n n e r  s o l u t i o n s  down-

s t r e a m  of the shock , whi le  as x * 
* 

~ * -.0 and the  outer  so lu t ions , to

o r d e r  ~ * 
are  r ecovered .

Solutions for  the p r e s sur e  a n d  d e n s i t y  ar e  w r it t e n  in t e r m s  of t he

solut ions  fo r  the ve loc i ty  c o m p o n e nt s  t h r o u g h equat ions  de r ived  f rom  the

conse rva t ion  equa tions and the  equa t ion  f I r  the j u m p  in e n t r o p y  a c r o s s  the

shock wave . Thus , f r o m  the i n v i s c i d  e n e r g y  equation , i t  can be shown ’ t h a t

the s tagnat ion  or  tota l e n t h al py can be wr i t t en  as ,

h
t ~~~~~~~~ 

~~ (u 2 4 v2 ) = 
Z ( ~~- i )  

4 3 h t1 ~ ... ( 3 4 ~1 t

dx 0 *h tl = k - 2 h 1~ (x 0 ) ) x x ( 3 4 h )

h = 0  x < x  ( 3 4 c )
t i

where  h (x 0 ) is ca lcula ted  f r o m  equat ion  ( 1 3 b )  with the plus s i g n .  The

_ _ _ _ _ _  _——~~~~~~~~~~~~~~~ —- —  —- - -~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~ - - .. .-—-  ,_
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pressure and densit y are related to the en t ropy  and the t e m p e r a t u r e  as

fo l lo~

= ~~~~~~~~~~~~ P = (3~~a , b )

The en t ropy  c h a n g e  of importance is that across the shock wave , the

gradients downstream of the shock being of hi gh enoug h o r d e r  that  they  a r e

neg l ig ib le . For t r a n s o n i c  flow , a c r o s s  a shock
8

Sd 
- S

u = 3(~~+ 1) 
(M 2 - l~~ - (M~ - l ) ~ ~~ . . .  ( 3 ( I )

w h e r e , since the shock  in this case is in motion , Mu is  the re la t ive  n o r m a l

Mach  n u m b e r  of the  incoming  flow. For a shock d e s c r i b e d  b y equation ( 2 6 ) ,

M~ - I = ~ (y ~ I ) {u 1~ 
- (~~~~ ) 21 

~37

w h e r e , as ment ioned ea r l i e r , oute r solution s a r e  va l id  up s t r e a m  of the  shock

wave . The expans ions  fo r  P and p can then be found f r o m  equat ion s ( 3 4 a )

and ( 3 5 ) ,  where  u and v a r e  foun d f rom equa t ions  ( 4 )  and (8 )  wi th  u1 = and

~~~

. . Thus ,

P 1 - € V u 1 - E 2 V (v~~/ 2 + u2 )  - € 3 y (z  ( y +  1)  [uj u - (8x 1 / a y ) 2 ] 3 / 3

- ht - ( Y +  1) u ? / 6  - u 1 v 1
2 /Z  + v1 v2 + u 3} + - . . ( 3 8a )

p = 1 - Eu 1 - € 2 [ ( V - l ) u 12 /2~ v~~/ 2 + u 2 ] -~~3[2V (y 4 l ) ( u 1 - (ax 1 /8 y ) 2 )3/ 3

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ V 1 V2 + U31 + - . . ( 38b )

If the composi te  solutions are  used for u 1 and v 1 ( te rms  of o r d e r  E in equa t ions

(33)  ) ,  then equat ions  (38) give solutions which are uniformly va l id  to o r d e r  € -

A solution fo r  s imi la r to those given for  P and p is eas i l y d e r i v e d  f r o m

equati on (34a ) .
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It should be noted that , if composi te  solutions are considered , then

immedia te ly  u p s t r e a m  of the shock wave , Py 
= - € V f 1~ , while downs t ream

of the wave , P = - € Y (f 1~ + ~ 
*

* ~~ 
+ . - Thus , downs t r eam of the wave ,

x y

if the wave is approached  b y f i r s t  go ing  to y *= ± 1 , and then going to x~~ = x 1 *

then at the wave Py = - € V f ~~~. Howeve r , if the wave is approached by going

to x~~= x 1 f i r s t , a t  any y *~ and then t r a v e ling along the wave t o w ar d  ~~~~ =± 1 ,

Py = € V f 1~ + - . . That is , from equations (31c) and (31e), 8x 1/8 y = 0 at

y = ± 1 ; hence , f r o m  equation ( 3 1b ) ,  ~~
*
* * 

= - 2 f 1~ at y = ± 1 . Thus , there

is a change  of s i g n  in P~ a c r o s s  the shock , and since Py ~ v 1 *, the s t ream-

line cu rva t ure , this  means  that  d o w n s t r e a m  of the shock wave , the l i m i t i n g

value of v ’~~, at the i n t e r s e c t i o n  ( I f  the shock  wave and the wa l l s  depends  c)fl

the path of approach  to the i n t e r s e - t i o n . Th is s ingula r i t y  in the solution is

similar to that analyzed by Messiter and Adamson .

SHOCK WAVE LOCATION

The uns tead y p e r t u r b a t i o n s  in f low ve loc i ty  and t h e r m o d y n a m i

properties in the channel can be caused , for example , by pressure distur-

bances in a plenum downstream of the shock ‘-ave . Here , we c o n s i d e r  t h e

case where the disturbances have a characteristic time (inverse of

cha rac te r i s t i c  f r e q u e n c y)  of order E
2

, and an amp litude of o rde r  ~~. As

wil l be seen , this is su f f i c i en t  to g ive shock motions with  an ampli tude of

o rder  unity .

Since onl y te rms of o r d e r  f Z in  P may  v a r y  w i t h  t i m e ,  it i s  seen

f rom equations (38a ) that u 1 is i n d e p e n d e n t  of time; hence , h 1 = h 1 (x ) .  Jr

L. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~~~~~ . . ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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fac t , (equations (38a ) and (15 ))  the t ime dependence  f i r s t  a p p e a r s  in u2

t h r o u g h h 2 = h2 ( x .  t ) .  As a result , in equat ion ( 13b ) ,  13i is a con stant , and

the time dependence  of h2 and thus u2 and indeed ç 2  is t h r o u g h 
~~ 

( t ) .  Both

~3 1 and  
~ 

may  have di f f e ren t  values u p s t r e a m  and d o w n s t r e a m  of the shock

wave . Since the time enters the so lu t ions  fo r  u onl y t h r o u g h the  i n t eg r a t i on

f u n c t i o n , Pi’ then  to o r d e r  €~ , the uns t ead y mot ion  may be p i c t u r e d  as  a

sequence of stead y state solutions for u , ea ch wi th  d i f f e r e n t  d o w n s t r e a m

c o n d i t i o n s .  The ve loc i ty  componen t  v , to o r d e r  €~~ * 
i s  to ta l l y t i m e  in ene-

dent , (equation ( l s b ) ) .  F rom equations (3 8a) ,  ( 1 5 ) , and ( 1 4 ) , it i s  seen

tha t  specif y ing the  second o r d e r  va r i a t i on  in p r e s s u r e  at a d own s t r e a : a

p lenum locat ion , is equivalent  to s e t t i ng  
~~ 

( t )  d o w n s t r e a m  of the s h o c k ,

say 32d• The f a c t  that time does not appear exp licitl y in the  s o l u t i o n s  va l id

d o w n s t r e a m  of the shock  wave ( e . g .  , see the  c o m p o s i t e  so lu t ions  g iven  in

equa t ions  ( 3 3 ) )  and a p p e a r s  onl y as a p a r a m e te r , i n  
~~ , is due to the  f a c t

tha t  the  d i s t u r b a n c e s  t r ave l  u p s t r e a m  at a speed of o r d e r  € whi le  the shock

moves at a velocity of order E~ * 
and indeed , the o rde r of the uns tead y p a r t

of the fluid velocity is € 2
. Thus , the disturbances trave l upstream

“instantaneously” compared with the characteristic times under stud y.

It should be noted , however , that  as a resul t  of the mot ion  of the shock

( i . e . , s ince  x0 = x 0 (t )  ) the f i r s t  o rde r  p re s su re , ve locity , e t c .  , in the r a n g e

of motion of the shock , do change as the shock moves back and forth; they

j ump  between the stead y state values u p s t r e a m  and downs t r eam of a shock

wave at  t he point in quest ion .

The equation f rom which the in s t an t aneous  shock wave locat ion  can

be ca lcu la ted  is  der ived f rom the p r inc ip le of mass  conse rva t ion  app l ied 

-- ,-— - —- — .-- ~~~.
-- -_

~~~ ~~~~~~~
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~~~~~ 

.. 
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to a control volume enclosing the shock wave . Thus , one sur face  of the

control  volume , the sides of which a re  the c hannel walls , is located at x = 0 ,

the throat , and the other is at x = X , s o m e w h e r e  downs t r eam of the shock .
c

Then
y~ X -t l  y~~ (X

~~~ {j w  f pdx d
y}  

- f  p u d y + JW  
c 

p udy 0 (39 )

y 0 - l  y ( X )
w w c

where  y f and y denote , r e spec t ive l y ,  the uppe r and lower wal ls. The

in tegra l  in the f i r s t  b r a c k e t , f r o m  z e r o  to X , is eva luated in two par t s ,

one upst r eam of the wave (0 to x 5 ) and one downst ream of the wave (x to X )

with the composite solutions used for u 1 in the f i r s t  o rde r  t e r m s  of equa t ion

(38b ) .  Since d/ d T  = O(E 2 ) and onl y t er m s  up to th i rd  o r d e r  a re  des i red ,

only the first order term in p is necessary. In the r e m a i n i n g  i n t e g r a l s  at

x = 0  and X = X , equat ions ( 1 5 )  and  (3 8b)  are  used.  F i r s t  o r d e r  t e r m s  a r e

identically zero , and f rom the second and third order  t e rms , one f inds that

= 
~ id 

(4 0 a )

(V +l ) dt 
= 
~~2u 

- 

~ zd~~
h lo - 2~~ ( ( f

1
H

) Z + (h 1
1 )2 ) / 3  G (x0 ) (40h)

I 8x 1~~ ax 1 2 1 ax 1 4
G (x e ) = ~~~ J ’ (

~~~~
) {u~~ (xe) 

- u lu (x e ) (-
~
-
~

) + j~ 
(-v ) } dy (4 0 c )

where  h 1~ = dh 1 /dx evaluated at x 0 and 
~zu is a cons tan t ,while 

~ zd is a func t i on

of time for the case under  c o n s i d e r at i o n  w h e r e  d i s t u r b a n c e s  are  imposed

downstream of the shock wave . If the shock wave has a higher order curva-

ture , ax 1 /a y = 0 , and G (x0 ) v a ni s h e s ;  then  equation (40b)  is reduced to a f o r m

equivalent  to that  g iven by Richey  and A d a m s o n . 
6

~

- - - -  - - . -  . -  , -~~~~~~~~~~ 
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Equation (40b) may be used in determining the shock location ,

= constant , fo r  a flow which is stead y wi th a s t a t i o n a r y  shock wave . Th us ,

fo r  a given (now c o n s t a n t )  
~ zd which is equivalent  to a given p r e s s u r e  in a

plenum d o w n s t r e a m  of the shock wave , the onl y unknown s in equa t ion  (4~~1 } I  I ,

h c~ 
and G (x 0 ) ,  a re  funct ions  of x 0. Since ax 1 / a y ,  wh ich  depends  on x0 as u o i l

as  y as seen f r o m  equat ions ( 3 1 ) ,  must  be known if  G (x 0 ) is to he c a l c u l a t e d ,

th is  m e a n s  tha t  equa t ions  ( 3 1)  and (40)  mus t  be so lved  s i m u l t a n e o u s ly .  In

p r i n c i p le ,  t h e r e f o r e , x 0 may  be ca lcula ted  fo r  a given  13zd~ 
However , it  is

much  eas ie r  to choose  a given x0 ,  solve equa t ions  ( 3 1 )  and in the p r o c e s s

f ind x 1 , calcula te  G (x 0 ) and h 0, and then use equat ion (40b )  to ca lcu la te  the

‘~ h ich  c o r r e s p o n d s  to the chosen x0 ; a f t e r  a ser ies  of such ca lcu la t ions ,

x m a y  be p lotted as a func t ion  of 
~ zd~ 

If the d o w n s t r e a m  p r e s s u r e  v a r ie s

with t ime  in a pr~~sc  ~ibed manner , then = 
~ zd (t )  is k n o w n  and dx 0 / d t  a n d

thus the shock ve loc i ty  may in p r inc i p le be calcula ted f rom equat ions  ( 3 1 )

and (4 0 b ) ,  with  the shock posi t ion , x 0 ( t ) ,  being found then b y i n t e g r a t i o n  of

dx 0 / d t . The c o m p u t a t i o n s  may be c a r r i e d  out b y f i r s t  so lv ing equat ion s ( 3 1 )

fo r  a sequence of values  fo r  x 0 , so that  ax 1/ a y ,  h 1~ and t h u s  C (x 0 ) a r e

e s sen t i a l ly known as func t ions  of x 0. W i t h  P zd (t )  and the in i t ia l  value of x 0

known , equation (40b )  may then be i n t e g r a t e d  nume rical ly ,  thu s r e l a t ing  x 0

to t; i . e . ,  x 0 ( t )  is ob t a ined .  Finally ,  with x 0 ( t )  known , ~~~~~ and ax 1f a y ,  and

thus  u , P , p ,  x 1 , e t c .  , may be obtained as func t i ons  of t ime at a ny  space point .

N UMERI CAL CAL C ULATIONS

In the  p r e s e n t  work , equa t ions  ( 3 1 )  w e r e  solved us ing  the method  of

i n t e g r a l  r e l a t ions  p roposed  by D o r o d nit s y n .  9 , 10 
Deta i l s  of the compu ta t i on



- - -- — - - _ _

~~

__

~~~
J
~~~~~~~~

-w-- —~
-.-- -.------ 1

~~~w-- _
~
__ -—___ _ . — .—.

-
.---. .—- -

a re  avail able in r e fe rence  7 , so on l y a b r i e f  desc r ip t ion  is given h e r e .  The

inner region in which equations (3 1 )  a r e  valid is composed of a reg ion extend-

ing f r o m  y~’ = - 1 to y * = + 1 in the y * d i rec t ion  and f r o m  the curve x * = x ’ to

x~’ -~ oo in the x~ d i r e c t i o n ;  x * = x 3 • .  i s  to be found as pa r t  of the solut ion.

A ~x ’t’
This reg ion is t r a n sf o r m e d  into  a fi ni te  region b y the t r a n s f o r m a t i o n  x = e *

and thi s finite region , between = 0 and = = e
_ x 8 , is divided into  N

s t r i ps .  Calculation s of the shock shape made with N = 2 and compared  wi th

the calculat ion made with N = 3 showed v e r y  l i t t le  d i f f e r e n c e , i nd ica t ing  that

re la t ively accura te  computa t ions  can be made with  two s t r i p s .  Equat ion  ( 3 1a ) ,

wr i t t en  in te rms of veloci ty  componen t s , and the c o r r e s p on d i n g  i r r o t a t i o n al i t y

condit ion , u *
* 

= v ’1’ ,~~, a r e  the gove rn ing  equations i n t e gr a t e d  a c r o s s  each

s t r i p ,  us ing  N th orde r pol ynomia l s  in 
~~‘~~S 

fo r  i n t e r p o l a t i on  e x p r e s s i o n s  f o r

lim *
u l* and v 1~

tC . In the p resen t  case , it  was f ound that if 
~~~~~~~~~~ 

= 0 is u s e d

as a boundary condition and the m e th o d  of i n t e g r a l  re la t ions  app lied , then

is  not  zer o as x * - c e . That is , apparen t ly due to the a p pr o x i m a t i o n s

inhe ren t  in the method and the e f f e ct s  of the  s i n g u la r i t y  at the  s h o c k -w a l l

in t e rac t ion , there  is an e r r o r  in the v ve loc it y as x * — ~ . R a t h e r  than  a~~cept

thi s e r r o r , the condition ~~ -‘~0 as x ’~’ ~~~~~~~ was en f o r c e d  and the i r r o t a t io n a l i tv
y

condition was integrated once across the whole region rather than across

each of the two str ips separa te ly.

Using the two s t r i p  method , one f i n d s  a n o n l i n e a r  d i f f e r e n t i a l

e q u a t i o n  for  the shock  shape ; s i nce  t ime  e nt e r s  onl y as a pa r a m e t e r ,

thi s equation may be t rea ted  as an ordina r y d i f fe ren t ia l  equa t ion .  Thus , i f

z ( y )  ax 1/a y,  one fi nds that

— -. 

-- . — - -.. -  -
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(f 1~~y + h1~., — 3 z 2 ) z O 
— [ 6z z ’ — .~t R z  + f.,~~h1~ (1 -y 2 ) - 2 f 1~ ] z ’

- [2 R 2 ~ ( 3 h ~ 0 1 2 f 1~~y ) R  - Z f 1~~h 1~~y } z

- [f 1~ h;0 1 — y 2) + 3 f ~~ ] R — Z f 1 ’~’ y - f1~’h1
1
0 0 (41a)

R = [(f~~)2 y
2 + f~~h~0y (h 0)

2 f~~h 0 ( 1 - y2 ) z - f1J z

- (f ~~ y + h 1
1
0 - 3 z 2 ) z~ ]h / 2  (4 I b )

whe re h 
~ 

h 1
’ (x 

I I~~~’ 
etc. The boundary conditi I n S  f o r  eq u at i o n s  (4 4 )  a r e

z ( ±  1 )  = 0 (4~

Equa t ion  (4 l a )  as solved numericall y using a f ou r t h  - o r d e r  Ru n g e - K u t t a

me thod , yi e ld ing  z ( y ) .  Then z(y ) ax . , / U y w a s  integrated , using the con-

dit ion tha t  x . , ( -  1 )  = 0, to give the shock shape , x 1 . Sin ce bo th  f1~’ and h~ 0

a r e  t i m e  d ep e n d e n t , b ecause  x0 = x0 ( t ) ,  the  c o e f f i c i e n t s  in equa t ions  ( 4 1 )

have d i f f e r e n t  values  at d i f fe ren t t ime s and it i s seen tha t the  sh ock sh ape

var ies  wi th  t i m e .

The wal l  shapes  chosen  f o r  the  ca lcu la t ions  a r e  as fo l lows :

y = ± I + € x 2 / 2  ± €~ [i + 20 (V + 1 ) 1 9 1  x 2 / Z  ( 4 3 )

where  the wall  shape f u n c t i o n s , f 1 ( x l  a n d  f2 ( x )  a r e  found by c o m p a r i n g

equations ( 7 )  and ( 4 3 ) .  In o r d e r  t I  m a k e  the  c a l cu l a t i ons  as  s imple as

possible , x0 (t )  is p r e s c r i b e d  h e r e  and  t h e  cci r e s p o n d i n g  
~ zd (and thus

p r e s s u r e  in the d o w n s tr e a m  p l e n u m )  is a l iu l a t e d  f r o m  equa t ions  (40b )

and ( 4 0 c ) .  Tha t  is , one can  p r e s c r i b e  
~3 zd

( t )  and f i nd  the  r e su l t i ng  x 0 ( t ) ,

or p r e s c r i b e  x0 ( t )  and  find the n e c e s s a ry  ç3 2d ( t ) .  The la t te r  problem

demands  less  c o m p u t i n g  t ime and is used  he re  fo r  i l l u s t r a t i o n . Thus ,

we set
x (t ) = 1 . 5 ( s i n t ) / 2  ( 4 4 )  

~~~ - 
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and p e r f or m  ca l cu l a t i ons  fo r  V = 1 . 4 , € = 0 . 1 , and = 0. The wall shapes

given by equations (43) with these  values for  € and V, are those seen in

f i g u r e s  2 to 4 .

Ve loc i ty  p r o f i l e s  showing  the f i r s t  o r de r  i n n e r  s o l u t i o n s  d ow n s t r e a m

of the shock wave a r e  shown at  x~~ x 1 in f i gu re  5a , and at x * = x 1 0.69 in

f igure  5b , each at t h r e e  d i f f e r e n t  t imes , t = ~~~, it , and The c o r r e s p o n d i n g

x0 is found f r o m  equation ( 4 4 ) .  These  f i g u r e s  thus i l l u s t r a t e  the t e m p o r a l

va r i a t i ons  in the ve loc i ty  components  at the indicated inner  reg ion s t a t i ons .

The rela tively la rge  spat ia l  v a r i a t i o n s  which  occur in the i n n e r  r e g i o n  at a

given time , a r e  i l lus t ra ted  in fi gure  6 , at  t = 0. The change  in u 1~ f r o m  i t s

value s immediately behind the  shock  to the linear p ro f i l e  a s soc ia t ed  wi th

subsonic flow for  the given wall  shapes , is indicat ive of the  l a r g e  acce le ra -

tiori s and dece le ra t ions  w h i c h  take place in the inner  r eg ion .

The shock shape , x 5 = x 0 + € 1/ ’2 ( V +  1) 1/2 x 1 + . . . , is shown in fi gu re  7 ,

as a func t ion  of t ime .  It is seen that as a r e su l t  of the c u r v a t u r e  of the wal ls

and the  a t t endan t  g r a d i e n t s  in the i n c o m i n g  flow , the shock wave  has  a pro-

nounced curvature; for the direction of curvature chosen for the walls , the

shock s t a r t s  n o r m a l  to the lower wal l , inc l ines  in the f low d i r e c t i o n  and t h e n

tu rns  back toward  the upper wall  so as  to become n o r m a l  to it a l so .  As  the

shock move s c lose r  to the th roa t  of the channel , i t  becomes  weaker  and has

more curvature.

The va lues of x0 , for  each t ime  at which calculation s w e r e  made , the

c o r r e p s o n d i n g  P zd ( t )  ca lcu la ted  f r o m  equation ( 4 0 b) ,  and the equivalent c h a n g e

in back p r e s s u r e  at a d o w n s t r e am  p lenum f r o m  its value at t = 0 , AP
b = P

b
( t )  -

a r e  given in table 1 . F ina l l y ,  t he  p r e s s u r e  on the uppe r a n d  lower

.—-- - — - - - —-- - - -~~~~~ - . .- ~~~~~~ ,- - - - , - -



-~~~~~~~~~~~~~~ .- -—-- .
~~~~~~~~~~ 

. - -
~~~~~~~~~~

- .

24

walls  at these  s a m e  t imes , to o r d e r  € * a r e  shown in f igu re  8 . In th i s  fi g u re ,

the solid l ines i n d i c a t e  the  ca lcu la ted  p r e s s u r e  d i s t r ibu t ions  up s t r e a m  of the

shock wave , the pressure jump across the shock , and outer pressure distri-

bution s d o w n s t r e a m  of the  shock .  The l a rge  dots  ind ica te  the  p r e s s u r e s

calculated in the  i n n e r  r e g i o n , and the dashed  l ines show a c u r v e  d r a w n

th roug h t h e s e  poin ts  and f a i r e d  into the outer  p r e s s u r e  d i s t r i b u t i o n , to  show

an a p p r o x i m a t e  p r e s s u r e  d i s t r i b u t i o n . Since onl y two s t r i ps w e r e  used  in t ’ie

i n n e r  r eg i on  c ( I m nu t a t i o n s , onl y one data point within the inner region is

available .

CONCLUSIONS

The m e t h od s u s e d  in this s tudy enable  one to s tud y u n s t e a d y f l o w s

with  shock waves  in r e l a t i v e l y hi g hl y . u r ve d  a s y m m e t r i c  c h a n n e l s  w i t h

a r b i t r a r y  wall shapes  and i m p r e s s e d  d i s t u r b a n c e s  of a r b i t r a r y  f o r m . It is

shown that the shock wave is not  p lana r and tha t  i ts  shape mus t  be obta ined

as pa r t  of an i n n e r  solut ion w h i c h  i n vo l v e s  a n u m e r i c a l  solution of the  non-

l inear  smal l  d i s t u r b a n c e  t r an s o n i c  e q u a t io n , the unknown shock shape  form-

ing one of the bounda r i e s  of the r eg ion  in ques t ion . It p r o v e s  to be r e l a t i v e ly

easy  to use the method of i n t e g r a l  r e l a t i o n s  to obtain  app rox ima te  but v e r y

use fu l  so lu t ions .  The so lu t ions  a l low one to calculate  the shock shape and

ve loc i t y ,  as wel l  as f lu id  ve loc i t y and  t h er m o d ynamic  p r o p e r t y d i s t r i b u t i o n s ,

as func t ions  of t i m e .  

- .--~~~ ---- . —.  - ...- .~~~ - ~~~~~
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TABLE I

Values  of x 0~ ~ z d ’  ari d ~~P1) for  Va rio
,
us Times

t 
~zd 

APb

0 1 . 5  - 1 2 . 292 0

2 . 0 -2 5 .  708 0 . 187 8

it 1 . 5  - 8.883 -0 .0477

3 i t /~~ 1 . 0  - 3 . 047 -0 . 1294

• ~~~~~~~~~_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ..~~~~~~~~~ ~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _
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Flow direction

x

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 1 . Sketch of a s y m m e t r i c  channel f low , showing
coord inate  s y s t e m .
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( a )  + sign for  x < 0 and - si gn for  x > 0 in equa t ion  ( 13b )
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(b)  - sign for  x < 0 and # si gn for x > 0 in equa t ion  ( I 3 h )

Figure 3 . Isotachs c o r r e s p o n d i n g  to equat ion ( i S a ) when
(f 1” )2 / 3 = 1/ 3 , fo r  same wal l  shape s and  €

as in f i gu re  2 .
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Sonic line
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(b )  - si gn 1aken for  a l l  x in equat ion ( 1 3 b )

Fi gure  4 . I sot a ch s  c o r r esp o n d i n g  to eq ua t ion  ( I  5a)  w h e n  ~~ = (f 1
” ) 2 / 3  r / 3~f o r  same wa l l  ~hape~-t and € as in f i g u r e  2 .
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Figure 7. Variati on of shock wave shape with time for  channel  walls
g iven  b y equa t ion  ( 4 3 )  ari d shock  loca t ion  as in equation (44).
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walls give n by equati’’n ( 13 ) a n d  s hoc k  l o c a t i o n  as  i n  eq ua t i o n  i - I f l ,
V I . 4, c = 0 . 1 . — o l i -u l a t e d  p r e s  s u r e  d i s t r i b u t i o n  u p s )  r e a n  of t h e
shock wave , j u m p  a c r o s s  shock , and  o u t e r  p r e s s u r e  di s I r  huh  n do’s’. n-
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